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Abstract
The coloured Tverberg theorem was conjectured by Ba´ra´ny, Lova´sz
and Fu¨redi [2] and asks whether for any d + 1 sets (considered as colour
classes) of k points each in Rd there is a partition of them into k colourful
sets whose convex hulls intersect. This is known when d = 1, 2 [3] or
k + 1 is prime [5]. In this paper we show that (k − 1)d+ 1 colour classes
are necessary and sufficient if the coefficients in the convex combination
in the colourful sets are required to be the same in each class. We also
examine what happens if we want the convex hulls of the colourful sets to
intersect even if we remove any r of the colour classes. Namely, if we have
(r+1)(k−1)d+1 colour classes of k point each, there is a partition of them
into k colourful sets such that they intersect using the same coefficients
regardless of which r colour classes are removed. We also investigate the
relation of the case k = 2 and the Gale transform, obtaining a variation
of the coloured Radon theorem.
1 Introduction
Tverberg’s theorem is a very well known result in discrete geometry about par-
titions of points and intersection of convex hulls. It says the following,
Theorem (Tverberg’s theorem [16]). Given a set of (k− 1)(d+1)+1 points in
R
d, there is a partition of them into k sets A1, A2, . . . , Ak such that their convex
hulls intersect.
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This is a generalisation of Radon’s theorem from 1921 [13], which treats the
case k = 2. Moreover, the number (k − 1)(d + 1) + 1 cannot be improved. A
colourful generalisation of this theorem was conjectured by Ba´ra´ny, Fu¨redi and
Lova´sz in 1989 [2]. However, the conjecture below in its full strength was first
proposed by Ba´ra´ny and Larman [3]. The colourful version states the following,
Conjecture (Coloured Tverberg’s theorem). Let F1, F2, . . . , Fd+1 be sets (which
we consider as colour classes) of k points each in Rd. Then there is a partition
of their union into k pairwise disjoint colourful sets A1, A2, . . . , Ak such that
their convex hulls intersect.
With a colourful set we mean a set that has exactly one element of each
colour class. Note that this is not a colourful version of Tverberg’s theorem
in the same way as the colourful versions of Helly’s theorem or Carathe´odory’s
theorem are [1], since if all the colour classes are equal this does not yield the
original theorem. By a colourful k-partition we refer to a family of k pairwise
disjoint colourful sets (even if every colour class has more than k elements).
Historically this conjecture asked if there was a number t = t(k, d) such that if
F1, F2, . . . , Fd+1 are sets of t points each in R
d, this type of k-partition always
exists. The existence of t was first shown by Ba´ra´ny, Fu¨redi and Lova´sz for
k = 3, d = 2 [2]. The general case was settled by Zˇivaljevic´ and Vrec´ica, who
showed that if k was prime, 2k − 1 points were enough [19] (giving a bound of
4k − 3 points for all k). Stated this way, the coloured Tverberg theorem is still
open for most cases.
If k + 1 is prime, this was solved by Blagojevic´, Matschke and Ziegler [4]
with topological methods (equivariant obstruction theory). At the core of their
argument is the computation of degrees for a simplicial pseudomanifold; this
was made explicit by Vrec´ica and Zˇivaljevic´ [17]. By now there is also a purely
geometrical proof of this fact by Matousˇek, Tancer and Wagner [11], which still
follows the same scheme. Blagojevic´ et al. also gave an alternative proof using
different, advanced topological tools (equivariant cohomology, index theory) in
[5]. The optimal solution for the case k+1 prime gives the bound t(k, d) ≤ 2k−2
for all k, as noted in [4]. The case d = 1, 2 was solved by Ba´ra´ny and Larman
[3] for any value of k. For more references on this problem and historical notes
we recomend [11].
The case k = 2 (also known as the coloured Radon theorem) was originally
solved by La´szlo´ Lova´sz by constructing a function from Sd to Rd that depended
on the pairs of points and then applying the Borsuk-Ulam theorem. His proof
is contained in [3]. Here we show a different proof of this fact using only basic
linear algebra, which is a simplification of the methods that will be used later
on. In section 5 we present a third proof, using different methods (but still
non-topological).
Theorem (Coloured Radon). Given d + 1 pairs of points F1, F2, . . . , Fd+1 in
R
d, we can partition them into two disjoint colourful sets whose convex hulls
have non-empty intersection.
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Proof. Writing Fi = {xi, yi} in an arbitrary way, the points xi − yi are linearly
dependent. Then there is a linear combination
∑d+1
i=1 αi(xi − yi) = 0 where not
all the coefficients are 0. After proper relabelling of the points, we may suppose
that all the coefficients are non-negative and, by a scalar multiplication, their
sum is 1. Thus,
d+1∑
i=1
αixi =
d+1∑
i=1
αiyi,
as we wanted.
This proof has the advantage that it gives an algorithm to find the partition
and the point of intersection since it only involves finding a linear dependence.
Note that this proof not only gives the partition we wanted, but also shows that
to find the point of intersection we may ask that the corresponding points have
the same coefficients. This also happens in Lova´sz’s poof, since the images of
antipodal points in his construction have this property. Thus it seems natural
to ask whether this could also be possible in the coloured Tverberg Theorem.
To state this in a more precise way, let F1, F2, . . . , Fn be sets of at least
k points each in Rd and A1, A2, . . . , Ak a colourful k-partition of them. We
can denote the elements of each Ai by Ai = {x
i
j : x
i
j ∈ Fj}. We say that the
convex hulls of the Ai intersect with equal coefficients if there are coefficients
α1, α2, . . . , αn of a convex combination such that
∑
j αjx
i
j is the same point for
all i.
In this paper we show that this extension of the colourful Tverberg theorem
is not possible with d+1 colour classes, regardless of the number of points each
class has. The following theorem gives the optimal number of colour classes and
the optimal number of points per class. Namely,
Theorem 1. Let F1, F2, . . . , Fn be sets of t points each in R
d. If n = (k−1)d+1
and t = k, we can find a colourful k-partition A1, A2, . . . , Ak of them such that
their convex hulls intersect with equal coefficients. Moreover, if n < (k−1)d+1
this theorem is false regardless of the value of t.
In section 4 we show that for n = (k − 1)d+ 1 and t = k, there are at least
(k − 1)!(k−1)d such partitions. It is conjectured that for the classical Tverberg
theorem there are always at least (k − 1)!d good partitions. This is known as
Sierksma’s conjecture or the Dutch cheese conjecture. Bounds for the number
of Tverberg partitions have been obtained when k is a prime power ([18], [8]).
The only non-trivial case that has been solved is d = 2, k = 3 by Hell [9]. We
find it surprising that in this aspect the classical Tverberg theorem seems more
resistant.
Recently many theorems with tolerance have appeared in this kind of set-
tings. We say that a property P of points in Rd is true in F with tolerance r if
P (F\C) is true for all C ⊂ F of size r. For example, P can be “captures the
origin”. There are now versions of the classical Helly, Carathe´odory and Tver-
berg theorems with a tolerance condition [12], [15]. We show that the previous
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theorem also has a version with tolerance, but in this case we do not know that
the number of colour classes is optimal.
Theorem 2. Let d ≥ 2, n = (r + 1)(k − 1)d + 1 and F1, F2, . . . , Fn be sets of
k points each in Rd. Then we can find a colourful k-partition A1, A2, . . . , Ak
of them such that for any set C of r colour classes, the convex hulls of A1\C,
A2\C, . . ., Ak\C intersect with equal coefficients.
The proofs of Theorems 1 and 2 are given in section 3. If k = 2, theorem 2
gives a nice version of the coloured Radon theorem with tolerance.
Corollary 3 (Coloured Radon theorem with tolerance). Let d ≥ 2, and F1,
F2, . . ., F(r+1)d+1 be pairs of points in R
d. Then we can split them into two
disjoint colourful sets A1, A2 such that, if we remove any r colour classes, the
convex hulls of what is left in A1 and A2 intersect.
It would be interesting to know if the number of parts in the corollary above
is enough for a coloured Tverberg theorem with tolerance (without equal coef-
ficients). Namely,
Conjecture 4 (Coloured Tverberg theorem with tolerance). Let d ≥ 2, and
F1, F2, . . . , F(r+1)d+1 be sets of k points each in R
d. Then we can split them
into k disjoint colourful sets A1, A2, . . . , Ak such that, if we remove any r colour
classes, the convex hulls of what is left in A1, A2, . . . , Ak intersect.
In section 5 we investigate the relation between the Gale transform and
the coloured Radon theorem. With this we are able to obtain the following
variation.
Theorem 5. Given a set of k+d+2 points in Rd of k possible colours, we can
find two disjoint sets A and B such that they have the same number of points
of each colour and their convex hulls intersect.
Note that the theorem above does not imply coloured Radon. This is due
to the fact that the theorem does not take into consideration how the colours
are distributed. However, the coloured Radon theorem can be proved with the
same method if this extra information is considered.
2 Preliminaries
The proof of theorem 1 will be in the same spirit of Sarkaria’s proof of Tverberg’s
theorem [14] but without lifting the points to Rd+1. We are able to use the
additional structure on the type of partitions we want in order to reduce the
number of dimensions we need.
Let F1, F2, . . . , Fn be n sets of t points each in R
d and k ≤ t a positive
integer. For convenience we consider each Fj as an ordered set and denote its
elements by Fj = {z(j)1, z(j)2, . . . , z(j)t}. This order given to each Fj is not
important at the moment, but it will be when counting the number of good
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partitions. Denote by Σk,t the set of injective functions from [k] = {1, 2, . . . , k}
to [t]. We can consider the colourful k-partitions (A1, A2, . . . , Ak) as vectors
(σ1, σ2, . . . , σn) in (Σk,t)
n by defining
σj(i) = m if and only if x
i
j = z(j)m
or equivalently
Ai = {x
i
j : x
i
j = z(j)σj(i)}
We call (σ1, σ2, . . . , σn) the function representation of (A1, A2, . . . , Ak). If t = k
we call this the permutation representation of (A1, A2, . . . , Ak).
To see this in a simpler way, write the elements of each Fj k times in k
rows. Then choose from the first row the elements of A1, in the second row the
elements of A2 and so on. Then the function representation of (A1, A2, . . . , Ak)
becomes apparent, as in the figure below. The reverse operation can also be
performed.
z(1)1
z(1)1
z(1)1
z(1)1
z(1)2
z(1)2
z(1)2
z(1)2
z(1)3
z(1)3
z(1)3
...
z(1)3
. . .
. . .
. . .
. . .
z(1)t
z(1)t
z(1)t
z(1)t
σ1(1) = 2, σ1(2) = t, σ1(3) = 3
. . . , σ1(k) = 1
F1
z(1)1
z(2)1
z(2)1
z(2)1
z(2)2
z(2)2
z(2)2
z(2)2
z(2)3
z(2)3
z(2)3
z(2)3
. . .
. . .
. . .
. . .
...
z(2)t
z(2)t
z(2)t
z(2)t
σ2(1) = 3, σ2(2) = 2, σ2(3) = t
. . . , σ2(k) = 1
· · ·
F2
z(n)1
z(n)1
z(n)1
z(n)1
z(n)2
z(n)2
z(n)2
z(n)2
z(n)3
z(n)3
z(n)3
z(n)3
. . .
. . .
. . .
. . .
...
z(n)t
z(n)t
z(n)t
z(n)t
σn(1) = 1, σn(2) = 3, σn(3) = t
. . . , σn(k) = 2
Fn
A1
A2
A3
Ak
Let u1, u2, . . . , uk be the vertices of a regular simplex in R
k−1 centred at the
origin. We use these sets to represent the distribution in the k-partition. Given
σ ∈ Σk,t we define Fj(σ) ∈ R
(k−1)d as
Fj(σ) =
k∑
i=1
ui ⊗ z(j)σ(i)
where ⊗ represents the tensor product.
Lemma 6. Let F1, F2, . . . , Fn be sets of t points each in R
d and (A1, A2, . . . , Ak)
be a colourful k-partition of them. Then for coefficients α1, α2, . . . , αn we have
that
∑n
j=1 αjx
i
j is the same point for all i if and only if
∑n
j=1 αjFj(σj) = 0,
where (σ1, σ2, . . . , σn) is the function representation of (A1, A2, . . . , Ak).
Proof. It suffices to prove this for d = 1 since we can repeat the same argument
for each coordinate in Rd. In this case ui⊗ z(j)m is simply z(j)mui. Note that,
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for scalars β1, β2, . . . , βk, we have that
∑k
i=1 βiui = 0 if and only if β1 = β2 =
. . . = βk. Thus
∑n
j=1 αjFj(σj) = 0 if and only if
∑n
j=1 αjz(j)σj(i) is the same
for all i, as we wanted.
3 Proofs of theorems 1 and 2
Proof of theorem 1. We first show that for n = (k − 1)d + 1 and t = k there
are such coefficients. For this it suffices to note that each of the sets Fj(Σk,k)
captures the origin. We have n sets that capture the origin in Rn−1, so by the
Ba´ra´ny colourful version of Carathe´odory’s theorem [1], there are permutations
σ1, σ2, . . . , σn such that the set {F1(σ1), F2(σ2), . . . , Fn(σn)} captures the origin.
Using lemma 6 we are done.
Now suppose that n ≤ (k − 1)d. If σ1 is fixed, note that by varying F1,
then F1(σ1) can be any point of R
(k−1)d. Suppose we are given F2, F3, . . . , Fn
and we want to find all the choices for F1 that satisfy the theorem. Given
any coloured k-partition (A1, A2, . . . , Ak), by applying the same permutation
to each colour class, we can assume that in its function representation σ1 is
the identity. If we can find injective functions σ2, σ3, . . . , σn such that the set
{F1(σ1), F2(σ2), . . . , Fn(σn)} captures the origin then F1(σ1) must be in the
(n− 1)-flat generated by 0, F2(σ2), . . . , Fn(σn). Note that there is only a finite
number of possible choices for σ2, σ3, . . . , σn. Since a finite number of flats of
codimension at least 1 cannot cover R(k−1)d, we are done.
To show the versions with tolerance with this method we would need some
version of the colourful Carathe´odory theorem with tolerance. Conveniently
this was done in Lemma 1 in the proof of Tverberg’s theorem with tolerance
[15]. Here we re-write this lemma to fit the current notation.
Lemma 7. Let p ≥ 1 and r ≥ 0 be integers, n = (r+1)p+1, F1, F2, . . . , Fn ⊂ R
p
subsets of Rp that capture the origin, F =
⋃n
j=1 Fj and G a group with |G| ≤ p.
Suppose there is an action of G in each of F1, F2, . . . , Fn such that the following
holds.
• For all x ∈ Fj, Gx captures the origin, for all j.
• For all A ⊂ F , if A captures the origin then so does gA, for all g ∈ G.
Then we can find elements x1 ∈ F1, x2 ∈ F2, . . . , xn ∈ Fn such that {x1, x2, . . . , xn}
captures the origin with tolerance r.
Proof of theorem 2. Note that there is an action of Σk,k (as the symmetric
group) in Fj(Σk,k) given by σFj(τ) = Fj(στ). In particular, this induces an
action of Zk given by mFj(τ) = Fj(β
mτ) where β is a cycle of length k. Con-
sider p = (k− 1)d and F1(Σk,k), F2(Σk,k), . . ., Fn(Σk,k) with their action of Zk
(all using the same β). If d ≥ 2, these sets with their actions of Zk satisfy the
conditions of lemma 7. Using this lemma and lemma 6 we obtain the result.
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4 Remarks on the proof
In the general case of the coloured Tverberg theorem, it seems tempting to
extend Lova´sz’s argument for the case k > 2. Namely, we consider the (d+ 1)-
fold join U = G ∗G ∗ · · · ∗G︸ ︷︷ ︸
d+1
of a discrete set with k elements and try to prove
that for any linear function f : U −→ Rd there are points x1, x2, . . . , xk in
disjoint faces of U such that f(x1) = f(x2) = . . . = f(xk). Then it seems
natural to use the combinatorial properties of U (or a further refinement of
this space) to treat this as an equivariant topology problem with the natural
action of G in U , as it is done in cases like the topological Tverberg theorem [6].
However, a simple approach of this kind is bound to give points x1, x2, . . . , xk
which have the same coefficients when written as combination of the d+1 copies
of G. Since we showed that for this case at least (k − 1)d+ 1 colour classes are
necessary, other topological methods are needed for the general case.
In the proof of theorem 1, the final argument was that each Fj(Σk,k) captured
the origin. However, a smaller set would suffice, namely Fj({β, β
2, . . . , βk})
captures the origin for any β a cycle of length k. For simplicity we can take
β the permutation that shifts every element to the right, except the last one.
Fix the order of F1 and assign a cyclic order (that is, an order up to iterated
applications of β) to each Fj with j > 1. Note that the partitions we obtain
for each way to assign cyclic orders to these families of points are all different.
Thus, there are at least (k − 1)!(k−1)d of these partitions. This is similar to the
conjectured (k−1)!d different partitions for the typical Tverberg theorem in the
sense that both are roughly (k − 1)!m/k where m is the number of points that
are given in the theorem.
The last step towards showing that (k−1)d+1 colour classes are necessary for
Theorem 1 relies on the fact that a finite number of flats of codimension at least
1 cannot cover the whole space. However, more can be said. Let n ≤ (k−1)d and
F1, F2, . . . , Fn be sets of t random points each in R
d where each point is chosen
according to a (possibly different) distribution where hyperplanes have measure
0. Then, with probability 1, there is no colourful k-partition A1, A2, . . . , Ak
such that the convex hulls of the Ai intersect with equal coefficients.
5 Coloured Radon and the Gale transform
Here we present a third proof of the coloured Radon, again without topological
tools. This is done via the Gale transform. The Gale transform of a set of n
points a1, a2, . . . , an in R
d that are not all contained in a hyperplane is a set of
n points b1, b2, . . . , bn in R
n−d−1 such that the following two conditions hold
•
∑
i bi = 0 and
• for every two disjoint subsets X,Y ⊂ [n], the convex hull of the sets
{ai : i ∈ X} and {ai : i ∈ Y } intersect if and only if there is a hyperplane
H through the origin in Rn−d−1 that leaves {bi : i ∈ X} in one (closed)
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side, {bi : i ∈ Y } in the other (closed) side and goes through every other
bi.
See, for example, [7] for a complete exposition. We are now ready to prove
the coloured Radon theorem.
Proof. Let F1, F2, . . . , Fd+1 be the sets of pairs of points in R
d and F = ∪iFi.
Let J be the Gale transform of F . Then J consists of d + 1 pairs of points
J1, J2, . . . , Jd+1 in R
d+1. We want to find a hyperplane H through the origin
that splits every pair in J simultaneously. Let mi be the midpoints of the Ji.
Note that since the sum of all the points in J is 0, then the sum of all mi is 0.
With this the hyperplane H through m1,m2, . . . ,md+1 goes through the origin,
and splits each pair.
With this idea in mind we can prove theorem 5. We use the ham-sandwich
theorem (see [10]) in addition to the Gale transform.
Proof of theorem 5. Consider a set X of k + d + 2 points in Rd each painted
with one of k possible colors. Its Gale transform is a set Y in Rk+1. If we
consider the origin of Rk+1 painted with a new color, we have k + 1 coloured
finite sets. Using the ham-sandwich theorem, there is a hyperplane that splits
them all evenly. This hyperplane must go through the origin, and thus gives
the two subset of X we we looking for.
If k = 1 this gives the following corollary
Corollary 8. Given d+ 3 points in Rd, there are two disjoint subset A and B
of the same size such that their convex hulls intersect.
It would be interesting to find an analogous statement for Tverberg par-
titions. Namely, finding the smallest n = n(d, k) such that for every set of
n points in Rd we can find k pairwise disjoint subsets of the same size whose
convex hulls intersect. Clearly (k − 1)(d+ 1) < n ≤ k(d+ 1).
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